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Boundary effects for invasion percolation are introduced and discussed here. The presence of boundaries
determines a set of critical exponents characteristic of the boundary. In this paper we present numerical
simulations showing a remarkably different fractal dimension for the region of the percolating cluster near the
boundary. In fact, near the surface we find a valueDéf'=1.67+0.03, with respect to the bulk value of
DPY'=1.87+0.01. Furthermore, we are able to present a theoretical computation of the fractal dimension near
the boundary in fairly good agreement with numerical data.
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A large effort has recently been dedicated to the study ofecent class of self-organized modgss6] their presence can
invasion percolation(IP) [1,2], since this simple cellular be accounted for by the introduction of a different set of
model takes into account many characteristics of the capileritical indices. The main reason for the behavior consists of
lary displacement of a fluid in porous mediuBi. Notwith-  the lack of the neighbor microscopical layer for the system.
standing the extreme simplicity of the model, standard IP isThis changes dramatically the microscopic interactions of the
able to explain many properties occurring in real situationssurface region of the system, eventually yielding a macro-
nevertheless we think that the simple ingredient of the presscopically observable peculiar behavior.
ence of a surfacéboundary in the system could make the In this work we present some numerical and theoretical
model properties even closer to the experimental results. Thevidence that the above situation applies also to IP. From an
study of the more realistic case of systems in which boundintuitive point of view this can be easily understood by con-
aries are explicitly considered then becomes of great imporsidering that boundary sites have fewer neighbors and hence
tance not only from a theoretical point of view, but also from fewer chances to invade a new region than bulk ones. From
a technological one. a quantitative point of view, this is shown by considering an

In the standard theory of critical phenomena, the role ofintersection of the percolation cluster with straight lines par-
boundaries has been intensively analyg4fl and for many allel to the external boundary. This subset of the percolating
physical situations ranging from Ising models to the morecluster has a fractal dimensighence, a set of critical indi-

1063-651X/97/562)/1291(4)/$10.00 56 R1291 © 1997 The American Physical Society



RAPID COMMUNICATIONS

R1292 CAFIERO, CALDARELLI, AND GABRIELLI 56
L
/]
7]
/1
/]
/]
/1
/]
7]
’ -
A 3
3L 7 s
/]
/]
/]
Py
/]
7
7 /%
/]
Py
L L
oil

FIG. 3. Behavior of the fractal dimension of the intersection set
versus the normalized distanzd_ from the boundaryz andL are

FIG. 1. Setup of numerical simulations. An invading, not yet lattice distances, henceforth the normalized distance is dimension-
percolating, cluster is shown. Only the bottom left part of the clus-l€ss.
ter will be considered, after it will have percolated the entire sys-
tem. boundaries a new behavior takes place. To study this new

] ) ) _ behavior we realised some numerical simulation in the sys-

ceg that varies with the distance from the boundary. UsinGiem shown in Fig. 1. To ensure isolation from the right
some theoretical tools that were introduced for the study OBoundary(which has the same effect on the fractal properties
fractgl growth processes, the run time statistR¥S) [7]and 55 the left ongthe whole system was sizd.X 2L, and the
the fixed scale transformatigfST) [8], we are able to com- jnitia| oil cluster is composed of the firdt bonds of the
pute analytically the peculiar behavior, with a result that is inyottom line. The simulation is stopped as soon as the cluster

fairly good agreement with the numerical one. _ has percolated the system, i.e., reached the upper line. One
Our results are shown in the following order. First, we ynical realization of the process is shown in Fig. 2. The
present the definition of the model and the set up of oUkegion of interest is the bottom-left one in Fig. 1, where we
computer simulations, followed by a review of the numerical g, assume that the region is “frozen” with respect to the
data. Second, we briefly describe the concepts underlying,asion process, i.e., the asymptotic fractal properties of the
RTS and FST, and we present the result of analytical compercolating cluster are well defined. In the region in which
putations. A detailed description will be published elsewhergye collect statistics, we study the fractal dimension of the

[9]. In the last part we give a summary of the main topics. gets of points obtained intersecting the spanning cluster with

IP-models the medium as a network of bonds. In this, jine parallel to the boundary. In this way, we are able to
system there is an interface between two different fluidsg)ioy the crossover of the fractal dimension of the cluster
(€.9., oil and water i.e., some bond belongs to the ail cluster fom the boundary to the bulk. The behavior of the fractal
and the others belong to water. Let us assume, now, that thgmensiond of the intersection as a function of the normal-
oil cluster begins to invade the water one. Under the condi;;eq distancez/L from the left boundary is presented in
tion of a low and constant flow rate the interface will move iy 3
one step at time. One mimics this behavior by assigning a
random numbek; (here we take a uniform distribution in
[0,1]) to each bond of the medium. The invading cluster
evolves by occupying the bond with the small@ston its
perimeter.

Usually, in any numerical simulations the boundaries of
the system are present. We want to point out that at these

[d(z)-d™"Nlog,, L

10 100

FIG. 2. This pictures corresponds to the entire cluster. The re- FIG. 4. Collapse plot of d(z) —d*""Tlog,¢(L) for the different
gion of interest in which statistics is token is the lower one. sizes, in logg linear scaleL andz are in lattice units.
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E e log(Co+C1+2C;)  log(1+Cp) 4
B log2 ~ log2 @
Co/ C1l y
One has to note, however, th@s in Eq. (4) represents the
‘ 0 ‘ PY ’ ‘ P ‘ Q‘ P correlation between two consecutive sites on a line perpen-

dicular to the boundary. However, this value can be consid-
ered equal to the correlation between sites on the intersection
parallel to the boundary, because, as can be seen from the
Pumerical results, the fractal dimension of these intersections
vary very slowly with the distance from the boundary.

Since the probabilitieC,, C;, and C, are computed
from growth paths, the use of FST is straightforward when-
ever a simple calculation of the statistical weights of time
ordered paths of growth on the lattice is possible.

However, for IP(as for any other quenched-extremal dy-
namicg this calculation is extremely difficult, because the
weight of a path cannot be written as the product of the
probabilities of the single steps composing the path. This
problem can be overcome by introducing the RTS transfor-
mation. The latter transformation maps a quenched-extremal
process into a stochastic representation. Here we perform the
RTS transformation following the approach[id], by using

d(2)=d""+ (dPY'— d%U")log,(2)/logyfL) - 2) the same conditional probability theorems.
Applying these concepts we can introduce, at each time
To test this scaling hypothesis we collapsed the curves relgtept, an effective probability density; ;(x) for the random
tive to different L by plotting [d(z) —dS""Jlog,;o(L) as a  humberx; associated to each bonaf the growing interface
function of z. The result depicted in Fig. 4 shows a fairly dC;. This density depends on the entire growth history of the
good collapse in the smatl region. dynamics. In fact,p; ((x)dx gives the probability that the

We have also checked the asymptotic behavior of the disvariable x; for the bondi at time t is in the interval
tribution of the random numbens associated to the perim- [x,X+dx], conditioned by the past growth dynamics of the
eter bonds on the border of the system. It is known that fo€luster. When we know the densitigs;(x) for each bond
the bulk IP, thishistogramdistribution self-organizes into a i on the interface, we can calculate the growth probability
¢ function with a discontinuity at a critical valu€"'“ which  distribution{x; ;} (i.e., the probability of being the minimum
depends on the details of the model and on the embeddir@n the interfacpat that time step for each interface bond,
dimension[1]. For the 2D bond IP model one hagu'k= 1 1 N
Our simulgtions_ show that the bo_rder distribution of m_e_ Mil:f dxp; (X) 11 _ “’ dyp; «(Y)
self-organizes into a theta function, too, and the critical 0 jeaC—{i} [ /x

threshold is agaix>"'% [9]. This is not surprising, being the _ _
value of the border critical threshold dependent on the dyYhereaCi—{i} represents the growth interface except for the

namical evolution of the whole percolating cluster. bond i_. Th(_a effective proba_bility density of every surviving
Now, we turn to our analytical calculation of the bound- Pondj at timet+1 on the interface must then be updated,
ary fractal dimensiowls" of the infinite IP cluster. Our strat- conditional on the previous growth history at time.e., the
egy combines fixed scale transformatie®ST) [8] and run  9rowth of the bond. The corresponding equation is
time statisticSRTS) [7,2]. 1 rx 1
FST is a Iatt|c_e path mt_egral sche_me aIIOW|_ng one to Pj,t+1(X):ff dypi «(y) H N [J dzp, (2)
evaluate the spatial correlation properties of the intersection HitJo keaC—{i,iy | /v
between the infinite cluster and a straight line through the (6)
statistical weights of growth path in a growth column. In
particular, it allows one to calculate the fine graining prob-
abilities Cy, C4, andC, for the basic configurations shown
in Fig. 5. Obviously, the normalization condition holds,

FIG. 5. Fine graining transformation for occupied cells.

The main result is that the fractal dimension of this subse
of the cluster passes frodt"'=D%""— 1=0.67+0.03 on the
boundary tod°"'=DP"-1=0.87+0.01 in the bulk(at a
distancez/L~0.4 from the boundapy

The slow crossover behavior frodt“" to d°'* could be
explained by hypothesizing the following finite-size scaling
form for the number of occupied boxé¥z,L):

N(z,L)=L%"f(z/L), (1)
where one hasf(z/L)~(z/L)@" " for z<L and

f(z/L)=const forz>L. Then in the first region we should
have

, ®)

wheredC,—{i,j} is the growth interface except for bonils
and j. New bonds added to the perimeter are assigned an
effective probability density according to a uniform distribu-
tion in [0,1].

Co+Ci+Cy=1. (3) The above formalism allows us to write the statistical

weight of a path as the product of the probabilities of the

This approach is based on the statistical invariance of thsingle steps. Following this RTS scheme one can perform the
correlation properties for vertical translations in the growthFST calculation of the asymptotic cluster fractal dimension
column. For this reason we have to take the column parallelfor technical details sef2]).
to the boundary. Knowing the correlation probabilities in Eq. However, the application of the FST to our given problem
(3) of the intersection between a straight line and the clusteinvolves some further peculiar difficulties. Because of the
we can comput@8] the fractal dimension of this intersection presence of a lateral surface, this model is intrinsically an-
set through the equation isotropic, and consequently we have to introduce some modi-
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TABLE |. Values of the boundary fractal dimension with re-
spect to the orden of computation.
o oo P P
n 3 4 5 6 7 . ©
5
O o~—0 d**'(n) 0.576 0.632 0.657 0.671 0.679 0.702
4
eg)—.ié
Mo1=M10=0, 9
6 1
e) so we obtain
0 M oM
5 ‘ Cym 12Mo2 . (10
M 1o+ Moi(Mga—=M12) +M1a(Mgz— M)

The anisotropy of the environment is also introduced in
FIG. 6. This is a possible path of growth of the 6th order. Thethe lateral boundary condition of the growth column in
invasion follows the arrows, from one black point to another onewhich the FST calculation is performed. On the left-hand
The number near arrows is the growth time. side of the column we impose the presence of a rigid wall
and on the right-hand side the paths are allowed to go out
fication to the usual way of performing the FST for the bulk and then to return inside, as can be seen in Fig. 6. In this way
IP. The anisotropy of the environment implies a breaking ofwe have obtained the results shown in Table I, where the
symmetry in the FST basic configurations in Fig. 5: Due tofractal dimension for increasing ordar(the path lengthof
the presence of the boundary, the probabili@gsandC, are  the FST computation is given. We used a power law fit to
not equal. extrapolated®!'(n) to n=c and obtainediz{7=0.70.
Consequently, the indices of the transfer matvlx, be- In summary, we have introduced, in analogy with usual
tween these three configurations run from 0 to 2. The closureritical phenomena, the study of boundary behavior in inva-
condition of this matrix can be written sion percolation. Near a boundary one deals with a qualita-
tively different rate of occupation. This is reflected in a lower
fractal dimension of this part of the cluster. Numerical simu-
lations give a surface fractal dimensidd“'=0.67. We are
also able to present a theoretical tool to compute analytically
Through the FST we calculate directly the matrix elementshis quantity; the resultifs7=0.70 is in fairly good agree-
M;; and from the relation ment with the numerical data. Further developments of this
work, which are currently in progress, will involve an ana-
Co Moo Mio My Co Iytical reproduction of the logarithmic crossover between
Ci| _| Mgr M1z My (of ®) surface and bulk fractal dimension through the RTS-FST ap-
C, Mo, My, My, C, proach and an analytical and numerical study of border ava-
lanche dynamics.

2
ZOM”:l Vi. (7
=

we can evaluat€, and, by using the Eq4), (D). In our
case we have
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